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ABSTRACT. The growth of a single cylindrical hole ahead of a blunt crack tip was 
studied using large deformation finite element analysis in three-point bend specimens 
with different precrack depth. The effect of small second phase particles was taken 
into account by incorporating Gurson’s constitutive equation. The effects of strain 
hardening and the initial distance from the hole to the crack tip were also investigated. 
The results show that the variation of crack tip opening displacement with load is not 
sensitive to constraint level. The effects of constraint on the growth of hole and 
ductile initiation toughness are diminished with decreasing initial distance from the 
hole to the blunt crack tip.     
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    Ductile tearing is controlled by nucleation, growth and coalescence of microvoids. 
In structural materials, the voids nucleate mainly at second phase particles, by 
interfacial decohesion or particle fracture. Usually, the microvoids can be divided into 
two families, i.e., larger voids and smaller voids. The larger voids nucleate from 
inclusions at relatively low strains and smaller voids nucleate from carbides or 
precipitate particles at considerably larger strains (Cox and Low, 1974; Hahn and 
Rosenfield, 1975). Consequently, void growth takes place due to the plastic 
deformation of the surrounding matrix material and final failure occurs when the 
larger voids coalesce with each other or link up with a nearby crack tip via a void 
sheet consisting of voids nucleated from smaller particles. Based on the study of Rice 
and Tracey (1969) on the growth of an isolated spherical void, the growth of a void at 
a crack tip was modeled by Rice and Johnson (1970) in a rigid-plastic material. In 
their model, it was assumed that voids nucleate at poorly bonded inclusions and 
coalesce when the distance from the crack tip to the growing void decreases to the 
vertical dimension of the void at which strain localization occurs. McMeeking (1977) 
and Aravas and McMeeking (1985a) carried out finite element analyses for the crack 
tip field and the interaction between a single cylindrical void and a blunt crack tip. 
Aoki et al (1984) employed Gurson’s (1977) model to represent the contribution of 
small voids. Also, Aravas and McMeeking (1985b) applied the modification for final 
failure introduced by Tvergaard and Needleman (1984) to predict the coalescence of a 
void with a blunt crack. Recently, the void growth ahead of a blunting crack has been 
analyzed by Ghosal and Narasimhan (1996) under mixed-mode loading. For all these 
studies, small scale yielding (SSY) condition was assumed. In other words, the 
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displacements of linear elastic fracture mechanics (K-field) were employed to 
determine the boundary conditions.  
    However, numerical investigations (Al-Ani and Hancock, 1991; O’Dowd and Shih, 
1991, 1992; Wu et al., 1995) show that for large scale yielding in finite bodies, the 
crack tip field cannot be characterized by a single parameter J-integral only 
(Hutchinson, 1968; Rice and Rosengren, 1968). In an attempt to explain the effect of 
constraint, Al-Ani and Hancock (1991) and Betegon and Hancock (1991) correlated 
the loss of J-dominance with the second term (T-stress) in the asymptotic expansion 
of an elastic field. O’Dowd and Shih (1991, 1992) have shown that under extensive 
yielding the near-tip stress field can be described by two parameters: the J-integral 
and a non-singular Q-stress which quantifies the level of constraint at the crack tip 
region. The maximum opening stress is a function of J and Q and these parameters 
have been successfully applied to explain the effect of constraint on cleavage fracture 
toughness (O’Dowd and Shih, 1994). For ductile fracture, it has been observed 
experimentally that the crack tip opening displacement (CTOD) or J-integral at the 
initiation of ductile fracture is larger for specimens with low constraint than those 
with high constraint (Cotterell et al., 1985; Matsoukas et al., 1986; Wu et al., 1991). 
Recently, in the work of Wu et al (1995), the initiation of ductile tearing at a sharp 
notch was modelled by the growth of an isolated void embedded in the J-Q stress 
field. The value of J-integral or CTOD at the initiation of ductile tearing depends on 
the constraint of the geometry. A similar conclusion has been drawn by Panontin and 
Sheppard (1995) from a micromechanical analysis. On the other hand, in the 
experimental work of Joyce and Link (1995), the initiation toughness JIC was found 
not to be sensitive to the constraint level as characterized by T or Q but there was a 
large data scatter. The experimental work of Hancock et al (1993) for A710 steel also 
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showed that the initiation value of J-integral was relatively insensitive to stress 
triaxiality. Therefore, the effect of constraint on the growth of voids and ductile 
initiation toughness is still an open problem. 
    In the present study, large deformation finite element analysis was carried out to 
simulate the growth of a single (cylindrical) void ahead of a blunt crack tip in three-
point bend (SE(B)) specimen with different precrack depth. As pointed out by Aravas 
and McMeeking (1985a), the results of such calculations provide a reasonable model 
for the behaviour of holes generated by a long stringer parallel to the crack, like those 
in specimens cut in the long transverse direction (Green and Knott, 1976). A large 
void was placed directly ahead of the crack  with different initial distance to the crack 
tip. The contribution of small voids was taken into account by employing Gurson’s 
constitutive equation. Two hardening exponents (n=0.05 and 0.2) were adopted to 
examine the effect of strain hardening on void growth. 
2. CONSTITUTE RELATIONS 
  In the present study, Gurson’s model was used to represent the contribution of the 
smaller voids and the yield condition is: 
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where ij is the Cauchy stress, y is the tensile flow strength of the matrix material, f is 
the void volume fraction. The macroscopic equivalent stress e and the hydrostatic 
stress H are defined by, 
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where Sij ij H ij     is the stress deviator. q1 and q2 are the factors introduced by 
Tvergaard and Needleman (1984) to improve the accuracy of the model. In this 
calculation, q1=1.5 and q2=1.0 were chosen in the same way as Tvergaard and 
Needleman (1984) and Xia et al (1995). In general, the evolution of the void volume 
fraction results from void nucleation as well as the growth of existing voids,  
 
                                     f f f growth nucleation                                                  (4) 
 
 
   The growth of existing voids with deformation is determined from the condition for  
 
plastic incompressibility of the matrix material 
 
                                    f f
growth kk
p





 is the plastic part of the deformation rate tensor. In this study, a plastic 
strain-controlled void nucleation law was used to model void nucleation at small 
second phase particles,  
 
                                    fnucleation m
p
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where, A is a function of the matrix plastic strain m
p . As suggested by Chu and 
Needleman (1980), void nucleation is taken to follow a normal distribution and A can 
be expressed by 
 




















where fn represents the volume fraction of uniformly distributed small particles, n and 
Sn are the mean nucleation strain and standard deviation, respectively. In this study, 
n=0.3, Sn=0.1 and fn=0.002 were chosen. The hardening rule of the matrix material in 
the uniaxial tensile test in Gurson’s equation is specified by 
                                    y m
p nK ( )                                                               (8) 
where n is hardening exponent and K is a constant. Other material parameters are: 
yield strength o=570 MPa, Young’s modulus E=200 GPa, Poisson’s ratio=0.3, 
n=0.05 and 0.2 and K=750 MPa and 1840 MPa, respectively. 
 
3. COMPUTATIONAL MODEL 
   Three-point bend (SE(B)) specimen geometry having a span S=100mm, depth 
W=25mm was considered. In order to vary the in-plane constraint, three precrack 
depths a=3.75, 12.5 and 17.5mm (a/W=0.15, 0.5 and 0.7) were adopted. Large 
deformation plane strain finite element analysis was carried out with the finite 
element code ABAQUS (1996). Four-node isoparametric element with 2 by 2 Gauss 
quadrature was used. The mesh consisted of about 2000 elements. The size of the 
minimum element is about 0.005~0.01mm. Only one-half of the specimen was 
modelled because of symmetry. More refined mesh was used near the precrack tip, 
Fig. 1. The blunt precrack tip diameter is 0.02 mm. A single (cylindrical) void of 
diameter ao=0.02 mm is placed directly ahead of the precrack tip, Fig. 1. The initial 
distance D between the centres of the void and the precrack tip is 0.1, 0.15 and 0.2 
mm (D/ao=5, 7.5 and 10) respectively. The J-integral was evaluated according to the 
virtual crack extension technique. Integration contours were taken through the 
centroids of rings of elements far from the crack tip, as shown in Fig. 1.  
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4. RESULTS AND DISCUSSION 
 
4.1 Deformed configurations 
    Fig. 2 shows the deformed meshes near the crack tip superposed on the undeformed 
mesh for the SE(B) specimen (a/W=0.5, D/ao=5, n=0.05) at different load level 
(J/(oao)=1.0, and 2.0). It is clear that with increasing applied load, the hole is pulled 
towards the crack tip and changes its shape from circular to approximately elliptical 
with the major axes radial to the crack. This is quite similar to the calculations of 
Aravas and McMeeking (1985a, b). 
  
4.2 Stress, strain and porosity distributions in the near tip  
    Fig. 3 shows the distribution of equivalent plastic strain along the ligament between 
the crack tip and the large void. These figures show the localization of plastic strain in 
the ligament. It can be seen that regions of high plastic strain have been developed 
around the hole and the crack tip. For the specimens with a large distance from hole to 
crack tip (D/ao=10), a high equivalent plastic strain distribution can be found in the 
deep crack specimens (a/W=0.5) compared to the shallow crack specimens 
(a/W=0.15) at all loading levels. With decreasing value of D/ao, the distributions of 
equivalent plastic strain become very similar to each other for both the deep crack and 
shallow crack specimens, as shown in Figs. 3(e) and (f). At a similar applied load 
(J/(oao)), the equivalent strain in the specimens having a large D/ao is lower than that 
in the specimens with a small D/ao.        
    Fig. 4 shows the distributions of opening stress (yy/o) along the ligament between 
the crack tip and the hole (D/ao=10, 7.5 and 5) drawn on the undeformed meshes for 
the specimens with different precrack depth (a/W=0.5 and 0.15). Fig. 5 shows the 
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distribution of porosity (f) along the ligament between the blunt crack tip and the hole. 
At the early stage of void nucleation (small load), the nucleation is dominated by 
plastic strain and the stress triaxiality is developed between the crack tip and the large 
void. This, in turn, results in a high opening stress. The void growth is accelerated by 
the high stress triaxiality but further void growth relaxes the stress triaxiality. For the 
specimens with a large distance from the hole to the crack tip, e.g., D/ao=10, at small 
load (J/(oao)2.0), the deep crack specimen has a higher opening stress than that for 
the shallow crack specimens. With increasing load, the decrease of opening stress 
with load is faster for the deep crack specimens (a/W=0.5) than the shallow crack 
specimens (a/W=0.15), Figs. 4(a) and (b). This can be related to the faster 
development of voids in the deep crack specimens, as shown in Figs. 5(a) and (b). The 
work of Aravas and McMeeking (1985b) in small scale yielding also showed that high 
porosity decreases the magnitude of opening stress between the crack tip and the hole. 
Decreasing the value of D/ao, the opening stress distributions are similar in both deep 
crack and shallow crack specimens, Fig. 4. Correspondingly, no significant difference 
of porosity (f) distribution can be identified for the deep and shallow crack specimens 
with small values of D/ao, Figs. 5(e) and (f). 
    It should be pointed out that in this study the absolute values of porosity (Fig. 5) are 
greater than those in the calculations of Aravas and McMeeking (1985b) and Ghosal 
and Narasimhan (1996) for small scale yielding. In their calculations, a critical void 
volume fraction fc=0.15 and a failure void fraction fF=0.25 were introduced to limit 
the development of f in Gurson’s model (equation 1). However, it is very difficult to 
determine fc physically (Zhang and Niemi, 1994a, b). Also, the effect of constraint on 
these parameters is not very clear and they are regarded as constant. The work of Shi 
et al (1991) showed that the critical void volume fraction is not a material constant 
 9 
and depends on the constraint level. In this work, in order to investigate the effect of 
constraint on the evolution of voids and initiation of ductile fracture, the limiting 
parameters fc and fF are not imposed in the calculation.    
    In summary, for the specimens with a large initial distance from the hole to the 
crack tip, in-plane constraint has an effect on the strain localization and consequent 
weakening of the ligament with the development of porosity. In contrast, however, the 
evolution of strain, opening stress and porosity are not sensitive to the in-plane 
constraint for the specimens with a small initial distance from the hole to the crack tip, 
i.e., small inter-particle spacing.  
    The distributions of opening stress, strain and porosity along the ligament between 
the crack tip and the large void for a high strain hardening material (n=0.2) with a 
deep crack (a/W=0.5) are shown in Fig. 6. Strain hardening raises the magnitude of 
the opening stress between the crack tip and the hole, Fig. 4(a) and Fig. 6(a). But, high 
strain hardening results in a decrease of the equivalent plastic strain, as shown in Fig. 
3(a) and Fig. 6(b). These results are consistent with the finding of Hancock and 
Cowling (1980) and Green and Knott (1976), both of who have shown that for high 
strength ductile materials, reduced work hardening capacity can produce highly 
localized deformation near a crack tip. Etching experiments of Hahn and Rosenfield 
(1986) also showed that strain is more localized in materials of low work hardening 
capacity. As shown in Fig. 5(a) and Fig. 6(c), a low porosity distribution has been 
observed for high strain hardening (n=0.2). This is similar to the results of Thomason 
(1990) who studied the effect of strain hardening on the growth of a spherical void 
and found that strain hardening delayed the growth of voids.  
 
4.3 Hole and crack tip opening 
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     Fig. 7 shows the evolution of the hole diameter in the horizontal (a2) and vertical 
(a1) directions,  the crack tip opening displacement () and the ligament between the 
crack tip and the hole (d), as functions of applied load (J/(oao)) for the SE(B) 
specimens with different hole to crack tip distance (D/ao=10, 7.5 and 5), precrack 
depth (a/W=0.5 and 0.15) and hardening exponent (n=0.05 and 0.2). ao, o and do are 
the original dimensions. The solid and open symbols represent the specimens with 
a/W=0.5 and 0.15, respectively. A parameter hi (i=1, 2, 3 and 4) is defined for the 
ordinate axis, where h1=(a1-ao)/ao, h2=(a2-ao)/ao, h3=(-o)/ao and h4=(do-d)/ao. The 
definition of crack tip opening displacement here is the separation between the 
intercept of two 45
o
-lines drawn from the crack tip with the deformed crack profile 
(Shih, 1981).  From Figs. 7(a) to (f), the growth of a2 is faster than a1 and this 
observation is similar to the calculation of Aravas and McMeeking (1985a, b). Strain 
hardening retards significantly the growth of the hole (a1 and a2). It can be observed in 
Figs. 7 (a)~(d) that the hole growth (a1 and a2) and decrease of ligament (d) with 
applied load are faster in the deep crack specimen (a/W=0.5) than those in the shallow 
crack specimen (a/W=0.15). These results are in line with the high equivalent plastic 
strain and high porosity in the deep crack specimens, as shown in Figs. 3 and 5. 
However, the effect of crack depth (constraint) on the growth of the hole is 
diminished with decreasing hole to crack tip distance (D/ao). In Figs. 7(e) and (f), the 
variations of a1, a2,  and d with J/(oao) are almost identical for both the deep and 
shallow crack specimens with D/ao=5. This can be related to the similar distributions 
of opening stress and equivalent plastic strain in the ligament for these specimens, 
Figs. 3 and 4. Therefore, when a void is located very near to a crack tip, the 
interaction effect between the void and the crack tip on the crack tip field will offset 
the influence of specimen geometry, i.e., the constraint effect. 
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   For clarity, the variation of crack tip opening displacement () with applied load 
(J/(oao)) for the different specimens is redrawn in Fig. 8. It can be seen that the crack 
tip opening displacement for a given work hardening exponent (n) is not sensitive to 
both the crack depth and the value of D/ao. The study of Aoki et al (1984) showed that 
there was no significant effect of void volume fraction on crack blunting. Also, it has 
been observed from the work of Basu and Narasimhan (1996) that the variation of the 
crack tip opening displacement with applied load computed from the static and 
dynamic analyses (rate-dependent material) are almost identical. In the early work of 
Shih (1981) the relationship between J-integral and the crack tip opening 
displacement can be expressed by 
                                    
                                       J o m                                                                (9)  
 
where m is basically a material constant. As pointed out by Shih (1981) the above 
relationship between  and J holds under large scale plasticity for hardening materials 
where the uncracked ligament is subjected primarily to bending. Hancock et al (1993) 
showed that the values of 1/m are 0.48 0.13 , and 0.48 0.07  for the shallow crack 
(a/W=0.1) and deep crack SE(B) specimens (a/W=0.63), respectively. Therefore, for 
bend specimens m is not sensitive to the constraint level. Recent work of O’Dowd and 
Shih (1991) further reveals that m is only weakly dependent on constraint level. From 
Fig. 8, the variation of the crack tip opening displacement with load is significantly 
slower for the material with high strain hardening exponent (n=0.2). Indeed, in both 
studies of Shih (1981) and Basu and Narasimhan (1996), the crack tip opening 
displacement is shown to develop at a lower rate with increasing strain hardening. 
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4.4 Ductile crack initiation 
   Crack initiation in ductile materials occurs often when a relatively large void near a 
crack tip coalesces with the blunted crack. The coalescence of a void with a blunt 
crack tip is the result of the localization of plastic deformation in the ligament caused 
by the formation of smaller voids nucleated at second phase particles (Aravas and 
McMeeking, 1985b). As mentioned in the INTRODUCTION, the effect of constraint 
on the ductile initiation toughness is not very clear. In the present study, our finite 
element simulation took into account the effects of precrack depth (a/W), hole to 
crack tip distance (D/ao) and strain hardening (n) on the evolution of void growth and 
crack tip blunting. In practice, ductile tearing occurs when the hole coalesces with the 
blunted crack tip. Unfortunately, as with other studies (Aravas and McMeeking, 
1985a, b) the numerical analysis breaks down before the hole coalesces with the crack 
tip due to the high distortion of the elements in the ligament. Therefore, some criteria 
for coalescence should be introduced to predict  ductile tearing initiation. From Fig. 7, 
the ligament decreases ((do-d)/ao increases) approximately linearly with applied load. 
Following the procedure of Aravas and McMeeking (Aravas and McMeeking, 1985a, 
b) extrapolation to zero ligament size (i.e., d=0) is used to obtain an approximate 
measure of the initiation toughness (Ji). Additionally, the coalescence criterion (d=a1) 
proposed by Rice and Johnson (1970) was also applied to obtain the initiation 
toughness Ji. The values of Ji obtained from the application of Rice and Johnson 
criterion and from extrapolation to zero ligament size are summarized in Table 1. It 
can be seen that Ji increases with decreasing precrack depth for those specimens with 
large hole to crack tip distance, i.e., D/ao=10. For the specimens with medium value 
of D/ao=7.5, Ji increases very slightly with decreasing precrack depth. 
Correspondingly, for the specimens with small D/ao=5, the crack depth has no effect 
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on the initiation toughness Ji. This can be attributed to the results discussed in Section 
4.2 that for these specimens the same evolution of a1, a2,  and d with J/(oao) can be 
observed for both deep and shallow cracks. In order to correlate the constraint level 
quantitatively with Ji, the J-Q stress field calculated by O’Dowd and Shih (1991, 
1992) was applied to obtain the Q value for different specimen. According to the J-Q 
theory, for a power-law hardening material, the stress-strain fields at the crack tip, 
within the forward sector (/2) of the annulus J/o< x <5 J/o, can be characterized 
by two parameters, J and Q. Therefore, the opening stress along the line directly ahead 
of the crack tip is 
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 where  and In are constants, o is yield strain,   is angular factor and x is distance 
ahead of the crack tip. The definition of Q is 
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    A negative Q is associated with a low constraint specimen geometry, while a zero or 
positive Q corresponds to a high constraint level. The variation of Q with load, 
hardening exponent and a/W ratio for centre-cracked panel, three-point bend bar and 
double-edge cracked panel can be found in O’Dowd and Shih (1992). Furthermore, an 
approximate expression of Q for compact tension and three-point bend specimens has 
been proposed by Wu et al (1995) where 
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and J J / L o  , L is the remaining ligament of specimen, C1, C2, C3 and C4 are 
numerical constants. In the present study, Q was obtained from the calculation of 
O’Dowd and Shih (1992). Fig. 9 shows the plots of Ji versus Q for the specimens with 
different crack depth and hole to crack tip distance (D/ao). It is clear that the constraint 
has an effect on Ji for the specimens with a large D/ao. However, it seems that Ji is not 
affected by constraint for the specimens with small D/ao. Therefore, the effect of 
constraint on the ductile initiation toughness may be material dependent. For materials 
with a small inter-particle spacing, the initiation toughness is not very sensitive to the 
precrack depth, i.e., constraint. The relationship between Ji and D is shown in Fig. 10. 
The initiation toughness Ji increases dramatically with increasing distance between the 
hole and the crack tip. This observation is similar to the numerical results of Aravas and 
McMeeking (1985a, b) and in agreement with the experimental results of Rice and 
Johnson (1970) and Green and Knott (1976).     
 
5. CONCLUSIONS 
    In this work, large deformation finite element analysis was used to study the growth 
of a single cylindrical hole ahead of a blunt crack tip in three-point bend specimens with 
different precrack depth. The effect of small second phase particles was taken into 
account by incorporating Gurson’s constitutive equation. The effects of strain hardening 
and the initial distance between hole and crack tip were also considered. For the three-
point bend specimen geometry, numerical analysis supports the following conclusions. 
1. For a large initial distance between a hole and a blunt crack tip, the precrack depth 
(constraint) significantly affects the growth of the hole. In specimens with a deep 
precrack (high constraint) hole growth is faster than that in specimens with a shallow 
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precrack. However, with decreasing initial distance from the hole to the crack tip, 
similar evolution of the hole with applied load has been observed in specimens with 
different precrack depth.     
2. For three-point bend specimens, the variation of crack tip opening displacement with 
applied load is not sensitive to precrack depth and the initial distance from the hole to 
the blunt crack tip at a given work hardening exponent.  
3. By introducing suitable criteria for coalescence of the hole with the blunt crack tip, 
the ductile initiation toughness can be predicted. In the case of a large initial distance 
from the hole to the crack tip, a higher initiation toughness is predicted for specimens 
with a shallow precrack. On the other hand, the initiation toughness is not sensitive to 
the precrack depth for specimens with a small initial distance from the hole to the 
crack tip. This implies that the effect of constraint on initiation toughness is material 
dependent, e.g., the particle spacing of large second phase particles. 
4. Strain hardening dramatically decreases the growth rate of the hole ahead of a blunt 
crack tip for all specimens. 
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Captions of figures 
1. Finite element mesh in the near crack tip region. 
2. Deformed finite element mesh superposed on the undeformed mesh at different 
load levels: (a) J/(oao)=1.0, and (b) J/(oao)=2.0. 
3. Distributions of equivalent plastic strain e along the ligament between the hole and 
the blunt crack tip: (a) a/W=0.5, D/ao=10, (b) a/W=0.15, D/ao=10, (c) a/W=0.5, 
D/ao=7.5, (d) a/W=0.15, D/ao=7.5, (e) a/W=0.5, D/ao=5, and (f) a/W=0.15, D/ao=5. 
4. Distributions of opening stress yy/o along the ligament between the hole and the 
blunt crack tip: (a) a/W=0.5, D/ao=10, (b) a/W=0.15, D/ao=10, (c) a/W=0.5, 
D/ao=7.5, (d) a/W=0.15, D/ao=7.5, (e) a/W=0.5, D/ao=5, and (f) a/W=0.15, D/ao=5. 
5. Distributions of void volume fraction f along the ligament between the hole and the 
blunt crack tip: (a) a/W=0.5, D/ao=10, (b) a/W=0.15, D/ao=10, (c) a/W=0.5, 
D/ao=7.5, (d) a/W=0.15, D/ao=7.5, (e) a/W=0.5, D/ao=5, and (f) a/W=0.15, D/ao=5. 
6. Effects of strain hardening on (a) stress yy/o , (b) equivalent plastic strain e, and 
(c) void volume fraction f along the ligament between the hole and the blunt crack 
tip. 
7. Evolution of the dimensions of the hole, the crack tip opening displacement and the 
ligament between the hole and the crack tip with loading: (a) D/ao=10, n=0.05, (b) 
D/ao=10, n=0.2, (c) D/ao=7.5, n=0.05, (d) D/ao=7.5, n=0.2, (e) D/ao=5, n=0.05 and 
(f) D/ao=5, n=0.2. 
8. Crack tip opening displacement versus loading. 
9. Initiation toughness Ji as a function of Q: (a) n=0.05 and (b) n=0.2 (Solid symbols 
for extrapolation d=0; open symbols for d= a1). 
10. Initiation toughness Ji as a function of D: (a) n=0.05 and (b) n=0.2.  
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